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Abstract: Dispersion control is a key objective in the field of photonics and spectroscopy, 
since it enhances non-linear effects by both enabling phase matching and offering slow light 
generation. In addition, it is essential for frequency comb generation, which requires a phase-
lock mechanism that is provided by broadband compensation of group velocity dispersion 
(GVD). At optical frequencies, there are several well-established concepts for dispersion 
control such as prism or grating pairs. However, terahertz dispersion control is still a 
challenge, thus hindering further progress in the field of terahertz science and technology. In 
this work, we present a hybrid waveguide with both broadband, tuneable positive and more 
than octave-spanning negative terahertz GVD on the order of 10−22 s2/m, which is suitable for 
either intra- or extra cavity operation. This new terahertz device will enable ultra-short pulse 
compression, allow soliton propagation, improve frequency comb operation and foster the 
development of novel non-linear applications. 
© 2016 Optical Society of America 
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1. Introduction

Traditionally, dispersion control plays a fundamental role both in optical industry and 
research, since it represents an essential ingredient to modern technology such as optical fibre 
communication, ultrafast mode-locked laser systems or non-linear applications. Optical 
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frequency combs, which have opened new avenues in high resolution infrared spectroscopy 
[1–3] and metrology [4], illustrate the meaningful role of dispersion compensation 
exemplarily. A frequency comb is a laser source that provides evenly spaced phase-locked 
modes [5], which requires a compensation of group velocity dispersion (GVD). Beyond GVD 
compensation for frequency comb generation [6], dispersion control offers great potential for 
slow light phenomena [7–10], ultra-short laser physics [11,12], photonic crystal fibres [13–
15], sensitive spectroscopy [16], soliton generation [13] and improving the phase matching 
for the optimization of parametric processes [17]. In the optical regime there are several 
approaches established to achieve dispersion control that typically aim for compensation of a 
positive material GVD. More precisely, at optical frequencies GVD control is traditionally 
achieved by prism pairs [18], grating pairs [19], chirped mirrors [20,21], chirped Bragg 
gratings [22], Gires-Tournois interferometers [23], compression fibres [24,25] or photonic 
crystal fibres [26]. 

However at terahertz (THz) frequencies, only a limited advance towards dispersion 
control has been reported [27], even though signals in THz time domain spectroscopy are 
often degraded due to excessive dispersion and larger signals could be obtained via pulse 
compression. Recently, it has been shown that the generation of octave-spanning THz laser 
frequency combs is limited due to a lack of broadband dispersion management [28–30]. In 
addition, the field of non-linear THz optics is rapidly developing, but is still underdeveloped 
compared to its optical counterpart. Thus, completely new research fields such as THz soliton 
propagation and THz self-phase modulation in fibres could be envisaged, if THz dispersion 
control becomes accessible. Recognizing both, the innovative research based on dispersion 
control at optical frequencies and the unexplored potential in the THz regime, it becomes 
apparent that there is a strong need for THz dispersion control. 

Here, we approach the challenge of providing THz dispersion control through integration 
of a dielectric-metal (DM) mode section into a common metal-metal (MM) waveguide [31], 
thus forming a hybrid waveguide. The DM mode is enabled by absence of the top metal layer 
of the MM-waveguide, incorporating a high index contrast between the core and the dielectric 
cladding, which could be air [32]. If the waveguide dimensions are shrunk, so that a portion 
of the mode resides both outside and inside the waveguide, strong waveguide dispersion can 
result in anomalous GVD [33,34]. The proposed hybrid waveguide provides full THz 
dispersion control featuring strong broadband positive and negative GVD, which is 
experimentally investigated by THz time domain spectroscopy and supported by both a 
theoretical model and a Wigner-Ville analysis. In addition, THz dispersion control could be 
implemented for both intra-cavity and external cavity applications. Furthermore, GVD tuning 
is achieved by varying the waveguide height or the refractive index of the top dielectric 
medium. 

2. Experimental access to dispersion relation

2.1 Waveguide processing and THz time domain spectroscopy 

A Si wafer with a resistivity > 1000 Ohms/cm has been evaporated with 20 nm Cr and 200 
nm Au from both sides. A mask has been used to photo-lithographically generate the DM 
section of length l at the end of the waveguide. The samples were cleaved into 3.5 mm and 2 
mm wide pieces. A MM and the hybrid waveguide were mounted by means of a flip-chip 
bonder on a sub-mount such that both facets of the waveguides terminate with the metallic 
sub-mount to prevent blocking the in- or out-coupling radiation. A sample holder with an Au-
coated and cleaved leakage block on top of the waveguides is used to minimize the leakage 
signal. To improve the coupling efficiency the samples were positioned via an x,y,z-stage and 
a rotatory mount. 

Laser power of 260 mW provided by a Ti:Sa laser with 80 fs pulse duration, 800 nm 
wavelength and a repetition rate of 80 MHz is used to excite a DC biased inter-digitated 
photoconductive antenna processed on a GaAs substrate. Two 90° off-axis parabolic mirrors 
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are used to collimate and couple the THz beam into the waveguides. The electric field 
component of the source is in the direction parallel to the optical table such that the 
fundamental TM1 DM waveguide mode is excited. Two additional parabolic mirrors are used 
to collect the signal and focus it on a ZnTe detection crystal. Under purged conditions the 
generated THz signal is electro-optically detected by employing a birefringent 2 mm thick 
ZnTe crystal. 

2.2 Calculation of dispersion relation 

The GVD of the DM section is obtained from the time domain signals. For that purpose, a 
Fourier-transform of the waveguide signals is performed to extract the spectral phases 

, ( )Hyb
L lφ ω  and ( )MM

Lφ ω for the hybrid and the MM waveguide, where L is the total waveguide 

length and l denotes the length of the DM section. In order to determine the dispersion 
relation of the DM section, the net spectral phase of the DM section ( )DM

lφ ω  is obtained 

from: 

,( ) ( ) ( ).DM Hyb MM
l L l L

L l

L
φ ω φ ω φ ω−= − (1)

Employing fundamental relationships: 0( ) ( )DM
l l tφ ω β ω ω= + and 
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effective refractive index is calculated from 

0
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n t
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ω

 
= − 

 
(2)

where c is the speed of light and the time 0t denotes a constant that describes the position of 

the dispersion relation effn with respect to the y-axis . 

3. Results and discussion

3.1 Theoretical model and characterization of the DM section 

The dielectric-metal section shown in Fig. 1(a) is described as a three-layer system in the 
manner of a two-dimensional electromagnetic plane wave problem. We assume plane waves 
in the y-z plane and write for the electric and magnetic field: 

( , ) ( , )( , ) exp( ( )).m m m mE H E H z i t yβ ω β= − (3)

Here, βm denotes the propagation constant for mode m, ω the angular frequency, t the time, y 
the propagation and z the growth direction. According to the polarization selection rule of 
intersubband transitions, QCLs only provide gain for TM modes where (Ey, Ez, Hx) ≠ 0. 
Consequently, we consider the Hx-field component that is given by: 

,

exp( ( ) ) 0

sin( ( ) ) cos( ( ) ) 0

exp( ( ) ) 0.

m

x m m m

m

C r z z

H E h z F h z z d

D q z z

β
β β

β

− >
= + < <
 <

(4)

The βm-dependent wave vector amplitudes of the three layer system are given in terms of the 
dielectric permittivity of the metal mε , and the dielectric permittivity of the two dielectric 

layers 1ε  and 2ε : 
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The metallic dielectric function is given by 
22 2

2 2 2 2
1

1 1

pp
m i

τωω τ ωε
ω τ ω τ

= − +
+ +

, where the plasma 

frequency of gold is ωp = 1.36 × 1016 Hz and the scattering relaxation time is τ = 10 fs. The 
ansatz (Eq. (3)) with the mode profile (Eq. (4)) fulfills the Maxwell equation and has to match 

the boundary conditions, e.g. the continuity of ,x mH and ,1 x m

i

dH

dxε
boundaries z = 0 and z = d, 

resulting in a set of four equations. Solving this system leads to a complex transcendental 
equation for βm: 

1 1 2
2 2

2 1

( ) ( ) ( ) ( )
tan( ( ) ) .
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m m m m m
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m m m m

r h h q
h d
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β ε ε β β ε

+
=

−
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In fact, solving Eq. (6) is not straight forward, since typical commercial software algorithms 
typically fail to find the correct solution. However, neglecting the imaginary part of mε turns 

out to be a very good approximation and significantly simplifies the conditional equation 
for mβ . Finally the real propagation constant for a given frequency is obtained graphically or 

numerically. For confined modes the propagation constant lies in the 

interval 2 1mc c

ω ωε β ε< < . The GVD is obtained as the second derivative with respect to

the propagation constant, i.e.: 

2

2
.md

GVD
d

β
ω

≡ (7)

                                                                                   Vol. 24, No. 19 | 19 Sep 2016 | OPTICS EXPRESS 22323 



Fig. 1. (a) Mode profile of the absolute value of electric field in z-direction. The waveguide 
height is d = 56μm and the dielectric permittivities are set to ε1 = 11.7 (Si) and ε2 = 1 (air). (b) 
Frequency dependent penetration depth (inset), effective and group index (left axis) and 
confinement factor (right axis). The normal (orange) and anomalous (green) dispersion 
indicate positive and negative GVD, respectively. (c) Influence of waveguide height on both 
the dispersion relation (right axis, dashed curves) and GVD (left axis, bold curves). 
Interestingly, at typical QCL heights (d = 10−20 μm) the GVD zero crossing is at typical QCL 
frequencies (1.25−2.50 THz) offering broadband material and gain GVD compensation. 

A hybrid waveguide is formed by integration of a DM section into a MM waveguide. At 
first, a theoretical model is employed to calculate the propagation constant of the fundamental 
TM1 waveguide mode in the DM section. The model provides access to dispersion relation, 
penetration depth, confinement factor and most importantly the GVD. 

In Fig. 1(a) the predicted transverse mode distribution is displayed including the three 
different regions of the DM section consisting of a gold, a silicon and an air-layer, for a 
frequency of 0.25 THz and 0.5 THz, respectively. The discontinuity of the electric field at the 
core-cladding interface is attributed to the different dielectric permittivity. As shown in in 
Fig. 1(b), lower frequencies provide a higher penetration depth into the outer dielectric and a 
lower confinement factor. This fact is also reflected in the dispersion relation in Fig. 1(b) 
where the effective refractive index neff approaches nair = 1 for low frequencies and nSi = 3.42 
for high frequencies. By investigation of the group index ng in Fig. 1(b) two regimes, one 
normal (orange) and one anomalous (green) regime, are identified indicating positive and 
negative GVD, respectively. In order to show that a waveguide height change is associated 
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with a shift of the dispersion properties with respect to frequency, both the GVD and the 
dispersion relation are shown in Fig. 1(c) for different waveguide heights. For example at a 
waveguide height of d = 25 μm, the GVD is negative at 1 THz, takes its minimum value of 
−10−21 s2/m at 1.2 THz and reaches −10−23 s2/m at 2.5 THz, which corresponds to more than 
an octave-spanning negative GVD regime. At THz frequencies, typical values of the positive 
GaAs material GVD are in the order of −10−23 s2/m [27]. Also a strong broadband positive 
GVD regime is present at lower frequencies. For all waveguide heights presented in Fig. 1(c), 
it can be seen that large changes in the GVD occur when both the dispersion relation and the 
confinement factor (see Fig. 1(b)) change rapidly. 

3.2 Experimental measurement: GVD and chirp analysis 

Both a reference MM and a hybrid waveguide are cleaved into L = 3.5 mm long and 2 mm 
wide pieces. In order to experimentally access the dispersion and thereby the GVD features of 
the DM waveguide section a THz time domain spectroscopy setup is employed [35,36]. 
According to Fig. 2(a), THz radiation generated from an inter-digitated photoconductive 
antenna is coupled into a waveguide with a DM section of length l and a MM section of 
length L−l. 

The signal is recorded electro-optically, which allows both time and frequency domain 
analysis. Fig. 2(b) shows the obtained electric field dynamics for the reference, a MM 
waveguide, and a hybrid waveguide with a l = 336 μm long DM section. At a time of 
approximately 2 ps, a leakage of the THz pulse at the input facet is present. The leakage pulse 
amplitude is kept as small as possible using an Au-coated blocker. The high frequency signal 
occurs at a time of approximately 30 ps, which corresponds to the expected time delay 

( )Si airn n L
t

c

−
Δ = = 28 ps. To obtain the dispersion relation, a Fourier-transform of the time 

domain signal is taken followed by an extraction of the unwrapped spectral phase, ( ).φ ω By 

taking into account the individual contributions according to the MM section of length L−l 
and the DM section of length l, the pure spectral phase and hence the dispersion relation of 
the DM section is obtained (see section 2.2 for more details). 

The experimental results for a waveguide height of d = 40 μm are presented in Fig. 2(d) 
and are in good agreement with the theoretical model. The corresponding calculated GVD is 
depicted in the inset of Fig. 2(d) and shows a maximum GVD of 6.4 × 10−21 s2/m at 0.5 THz 
and a minimum GVD of −1.3 × 10−21 s2/m at 0.8 THz. 

In order to investigate the dispersive effects in time, the length of the DM section is 
increased to 2.3 mm to enhance the contribution of the DM section and clearly see any chirp. 
The GVD is mapped into the time domain by up- and down chirping the incoming THz 
signal. Figure 3(a) shows the resulting time domain signal, where the high frequency 
components are again localized at approximately 30 ps. Although most spectral intensity is 
present around 1 THz (see Wigner-Ville distribution (WVD)), some low frequency 
components are observed at previous times. This effect is even more pronounced when an 
optical low-pass THz filter that cuts off all frequencies above 1 THz is introduced into the 
setup. Although the utilized low-pass filter adds significant losses on the order of 10 - 50% 
for frequencies below 1 THz, the low signal to noise ratio is mainly attributed to the 
challenging in-coupling for low frequencies. Low frequencies provide a large spot size, while 
low frequencies provide a smaller spot size with respect to the waveguide height. This 
explains the higher signal for higher frequencies. The fact that the leading part of the signal 
includes the low frequency components is in accordance with the dispersion relation (see 
Figs. 1(b)-1(c)), since lower frequencies are expected to travel faster. 
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Fig. 2. (a) Schematic of the experimental geometry including an Au-coated leakage blocker 
(yellow) and the waveguides for an experimental determination of the dispersion relation via 
THz time domain spectroscopy for a waveguide height of d = 40 μm. (b) Time domain signal 
for a 3.5 mm long hybrid waveguide (blue) with a l = 336 μm long DM section at the end of 
the ridge. (c) Time domain signal for a 3.5 mm long metal-metal (MM) waveguide (green). A 
minimized leakage at around 2 ps at the in-coupling facet is an essential factor for obtaining an 
accurate dispersion relation. The close-up illustrates the difference between both signals. The 
champagne-colored area corresponds to the time domain window that is used for the Fourier-
transform and the spectral phase analysis. (d) Dispersion relation obtained from the spectral 
phase analysis (champagne circles) and the theoretical model (red line). The corresponding 
GVD is shown in the inset. 

Additionally, the chirp is analyzed separately for both the high and low frequency 
components with respect to the instantaneous frequency in Figs. 3(c)-3(d) and Fig. 5. The 
instantaneous frequency is obtained by manually calculating the period at a given time. As 
shown in Fig. 3(c), the instantaneous frequency for the low frequency components is 
increasing (positive GVD), whereas in Fig. 3(d) the instantaneous frequency for the high 
frequency components is decreasing (negative GVD). In other words, the GVD is explicitly 
mapped into the time domain and indicates the large THz pulse shaping potential of the 
proposed hybrid waveguide. The measured dispersion relation calculated from the spectral 
phase from the Fourier-transform of the THz signal in Fig. 3(a) (purple region) is in good 
agreement with the theoretical dispersion relation shown in Fig. 3(e). The resulting GVD 
curve is presented in Fig. 3(f) and shows with respect to Fig. 2(d) both a blue-shift and a more 
pronounced GVD. This fact is attributed to the increased waveguide height, which is 
consistent with Fig. 1(c). 
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Fig. 3. (a) Time domain signal and Wigner-Ville distribution (WVD) based time-frequency 
domain analysis for a 3.5 mm long hybrid waveguide (violet) with a L = 2.3 mm long DM 
section and a waveguide height of d = 60μm. (b) Repeated measurement as in Fig. 3(a) 
employing an optical low-pass THz filter that cuts off all frequencies above 1 THz (dark 
purple). (c) The increasing instantaneous frequency (positive chirp) reflects the positive GVD. 
(d) The decreasing instantaneous frequency (negative chirp) maps the negative GVD into the 
time domain. (e) Dispersion relation obtained from a Fourier-transform of the signal 
corresponding to the light purple area in Fig. 3(a) compared to the theoretical curve (blue). (f) 
GVD of the investigated hybrid waveguide as deduced from Fig. 3(e) (blue). 

                                                                                   Vol. 24, No. 19 | 19 Sep 2016 | OPTICS EXPRESS 22327 



3.3 Simulation: material GVD compensation 

The suitability of the hybrid waveguide for GVD compensation is examined by performing 
numerical GVD calculations. Besides the demonstrated GVD shifting in Fig. 1(c), the GVD 
can be tuned substantially by varying the top dielectric as shown in Fig. 4(a). Reducing the 
index contrast between the top dielectric and the waveguide core leads to both a reduction of 
the GVD and its curvature. This fact can be used to improve the flatness of the GVD curve 
and is called GVD-flattening. For example, the GVD curve of a composite hybrid waveguide 
with two DM sections with different top dielectric materials (n2,1 = 1.54 and n2,2 = 2) is shown 
in Fig. 4(b). The two DM sections are 16% and 40% of the total laser ridge length, 
respectively. The residual 44% of the length is kept as a MM waveguide. The composite 
hybrid waveguide GVD (black) compensates for the material GVD (blue) over a broad range 
of almost 1 THz as shown by the turquoise line in Fig. 4(b). In contrast, the waveguide GVD 
for a d = 13 μm thick MM waveguide (grey) (adapted from [28]) is shown in Fig. 4(b). The 
MM waveguide GVD is close to zero and does not offer significant GVD tuning. 

Fig. 4. (a) DM section waveguide GVD for different top dielectrics and a waveguide height of 
d = 13μm demonstrating a GVD-flattening. (b) GaAs material GVD (blue), MM waveguide 
GVD (grey) [28] and hybrid waveguide GVD (black). For GVD compensation, a composite 
hybrid waveguide with two different top dielectric materials with n2,1 = 1.54 and n2,2 = 2 is 
used. The DM section lengths correspond to 16% and 40% of the ridge length, respectively. 
The broad hybrid waveguide GVD allows a broad material GVD compensation (turquoise). 

4. Wigner-Ville distribution based chirp analysis

In 1932, E. Wigner found a distribution function in the context of statistical quantum 
mechanics [37], which, in 1948, has been extended by J. Ville to the field of signal processing 
[38]. The resulting so-called time and frequency dependent Wigner-Ville distribution (WVD) 
for a signal E(t) is defined as [39] 

*1
( , ) ( ) ( ) exp( 2 ) ,

2 2 2
W t f s t s t i f d

τ τ πτ τ
π

∞

−∞
= − + − (8)

where s(t) is the analytical signal associated to the real-valued time-domain signal E(t) via a 

Hilbert-transform 
1 ( )

[ ( )]
E p

H E t dp
t pπ

∞

−∞
=

−  in the following way: 

( ) ( ) [ ( )].s t E t iH E t= + (9)

The WVD is a highly non-local time-frequency representation of a signal, since it measures 
the correlation of a signal s(t) at previous and future times, respectively. Since both far and 
close times contribute equally, the non-local character becomes obvious and leads to the 
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following implications: The WVD at time t might show noisy behavior even though the signal 
s(t) is smooth. Similarly, the WVD at time t might be unequal to zero even though the signal 
s(t) is zero. Besides these implications, the WVD has the advantageous property that via its 
first conditional moments with respect to frequency and time the instantaneous frequency and 
the group delay, respectively, can be calculated. Also the WVD is an illustrative time-
frequency representation that makes use of two-dimensional time-frequency matrices. In this 
section, the WVD is employed to perform a time-frequency analysis of the obtained time 
domain spectroscopy signals. More precisely, the WVD is used to investigate the chirp of the 
hybrid waveguide signals shown in Figs. 3(a)-3(b) with respect to both chirp and 
instantaneous frequency. In order to determine the instantaneous frequency, the time-
frequency marginal of the WVD is introduced: 

2( , ) | ( ) | .W t f df s t
∞

−∞
=  (10)

Then, the instantaneous frequency (IF) is given by the first conditional moment with respect 
to frequency: 

2

1
( ) ( , ) .

| ( ) |
IF t f W t f df

s t

∞

−∞
= ⋅ (11)

Before the WVD and the instantaneous frequency are determined for the experimental signal, 
as an illustrative example, the WVD for an ideally chirped input signal is calculated 
analytically. More concretely, the WVD for a signal 2( ) exp( 2 )s t i btπ=  (b = const.) that 

provides a linear instantaneous frequency ( ) 2IF t bt=  is given by: 

2 2

( , ) exp 2 exp 2 exp( 2 ) ( 2 ).
2 2chW t f i b t i b t i f d f bt
τ τπ π πτ τ δ

∞

−∞

      = − − + − = −               


(12)

This implies that the WVD of a chirped signal Wch(t,f) is a line in the time-frequency space, 
where the slope b correlates with the GVD. For a Gaussian function 2

0exp( ( ) )l t t− − with 

.l const=  and 0 .t const= , the WVD, WG(t,f) is proportional to a Gaussian again 

2 2
0( , ) ~ exp( ( ) ),GW t f m t t nf− − − (13)

where .n const= . Ultimately, the WVD is calculated for a signal with a Gaussian envelope 
and a chirped carrier. For a separable function ( ) ( ) ( )y t x t h t= the multiplication theorem of the 

WVD allows to write for a y-dependent WVD, Wy(t,f): 

( , ) ( , ) ( , ) .y x hW t f W t W t f dρ ρ ρ
∞

−∞
= −  (14)

Employing the practical property of the delta distribution ( ) ( ) ( )f a f x a x dxδ
∞

−∞
= −  with 

.a const= , the final WVD for a Gaussian envelope and a chirped carrier, , ( , )ch GW t f takes the 

form: 

2 2
, 0( , ) ( , ) ( , ) ~ exp( ( ) ( 2 ) ).ch G ch GW t f W t W t f d m t t n f btρ ρ ρ

∞

−∞
= − − − − −  (15) 

The WVD for an un-chirped Gaussian signal is visualized in Fig. 5. As expected, the 
corresponding instantaneous frequency is a constant given by the arbitrarily chosen carrier 
frequency of 0.5 THz. Incorporating a negative or a positive chirp, i.e. b = − 0.05 2ps− or b = 
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0.05 2ps− , respectively, the resulting WVD is concentrated along the instantaneous 

frequency, which is in accordance with the analytical prediction reflected by Eq. (15). As 
depicted in Figs. 5(b,c), the corresponding IF for the negative chirp decreases linearly and 
features a linear increase for a positive chirp, respectively. 

Using the experimental signal from Fig. 3(a), the obtained WVD shown Fig. 5(d) exhibits 
an analogy with respect to Fig. 5(b) and the analytically predicted WVD (Eq. (15)). This 
reflects the negative chirp of the hybrid waveguide for high frequencies. Accordingly, the IF 
approximately features a linear decrease. The approach presented in Fig. 3(d), where the IF is 
obtained by taking the inverse of the individual oscillation periods in time at a center time is 
shown in Fig. 5(d) to be in good agreement with the WVD based approach. Similarly, as 
shown in Fig. 5(e) for low frequencies, the positive hybrid waveguide GVD is mapped into 
both the WVD and the IF curve. Again, both approaches to obtain the IF are in good 
agreement. However, due to the fact that for the low frequency case the signal to noise ratio is 
intrinsically worse compared to the high frequency case – reflected by the grey curve in Fig. 
5(d) - a running average (50 points) is employed to still extract the positive chirp in 
agreement with Fig. 3(c) reflected by the black curve in Fig. 5(e). The discontinuous 
background in Fig. 5(d,e) is attributed to the periodically repeating antenna leakage signal, 
thus perturbing the non-local WVD. In contrast, in Fig. 5(a-c) there is no leakage, which 
prevents any formation of discontinuities. 

Qualitative deviations between both the calculated Gaussian WVD and the experimental 
WVD are attributed to the fact that the experimental input THz signal does not constitute a 
perfect Gaussian pulse. Mathematically it can be shown that the WVD is only non-negative 
for Gaussian shaped pulses. Remarkably, the WVD is always positive for a Gaussian input 
signal. In contrast, for THz pulses, the carrier envelope approximation is no longer valid. 
Furthermore, higher order dispersive effects, such as third-order dispersion of the hybrid 
waveguide affect the results, too. Finally, a leakage of the input signal that is not coupled into 
the hybrid waveguide that is particularly relevant for low frequencies might perturb the WVD 
and thus the IF curve, too. However, the WVD time-frequency analysis clearly supports the 
GVD features of the proposed hybrid waveguide and represents an illustrative tool towards 
signal analysis by providing more illustrative insights than a classical spectrogram. 
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Fig. 5. (a) WVD of an un-chirped Gaussian pulse (numerical example) and constant 
instantaneous frequency (IF) (black curve). (b) Negatively chirped Gaussian pulse with 
linearly decreasing IF. (c) Positively chirped Gaussian pulse with linearly increasing IF. (d) 
Negatively chirped hybrid waveguide signal from Fig. 3(a) pulse with an approximately linear 
decrease of the IF. The IF data from Fig. 3(d) (red squares) is in good accordance with the IF 
obtained from the WVD (black curve). (e) Positively chirped hybrid waveguide signal from 
Fig. 3(b) with an approximately linear increase of the IF. The IF data from Fig. 3(c) (red 
squares) is compared to the IF obtained from the WVD (black curve: smoothed IF, grey: 
unsmoothed IF). 

5. Discussion 

A broadband THz dispersion control by integration of a DM section into a MM waveguide is 
successfully demonstrated. By removing one metal-dielectric boundary, the waveguide mode 
significantly resides both into the high refractive index core and the dielectric cladding of low 
refractive index. By these simple modifications to a regular MM waveguide a hybrid 
waveguide is formed whose effective refractive index lies between the index of the core (nSi = 
3.42) for high frequencies and the index of the top dielectric (nair = 1) for low frequencies. By 
tuning the waveguide height between d = 10 μm and d = 75 μm, we numerically demonstrate 
in Fig. 1(c) that the DM section provides broadband positive and negative GVD on the order 
of 10−21 s2/m ranging from 0 to 3 THz. Interestingly, at typical THz quantum cascade laser 
(QCL) [40,41] MM waveguide heights (approximately d = 10 μm), strong broadband 
negative GVD on the order of −10−21 s2/m and −10−22 s2/m is featured, which is present at 
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typical THz QCL frequencies (2-4 THz). This fact stresses the appeal of the hybrid 
waveguide for QCL applications. In addition, a strong broadband positive GVD regime is 
present at lower frequencies offering a compensation of two contrary GVD contributions 
simultaneously present at different frequencies such as negative gain and positive material 
GVD. As a further potential application, the presented concept could help to improve the 
dispersion control in THz fibres [42,43], which could enable THz self-phase modulation 
based on slow light effects. Summarizing the GVD tuning of the hybrid waveguide, GVD-
shifting is predominantly achieved by changing the waveguide height, whereas GVD-
flattening is obtained by reducing the index contrast between the core and the cladding shown 
in Fig. 4(b). Further research could be devoted to an expansion of the dispersion control by 
engineering the top dielectric shape or properties. 

By employing THz time domain spectroscopy, we obtained both qualitative and 
quantitative experimental assessment of the dispersion relation and hence the GVD. On the 
one hand, the experimental dispersion relation is quantitatively extracted from the spectral 
phase obtained from a Fourier-transform of the MM and hybrid waveguide time domain 
signals. For both investigated hybrid waveguides the experimentally obtained dispersion 
relations are in good accordance with the theoretical model. On the other hand, the GVD is 
mapped into the time domain by up- and down- chirping the in-coming THz signal. 
Analyzing the chirp for a long DM section, both a positive chirp for low frequencies (positive 
GVD) and negative chirp for high frequencies (negative GVD) are individually observed. The 
calculated WVD is concentrated along the instantaneous frequency. The performed 
measurements show both the large THz pulse shape and pulse compression potential of the 
hybrid waveguide. For example, this could lead to an improved signal to noise ratio for THz 
detection by compressing chirped THz signals or to ultra-short and broadband THz pulses. 
The input parameters of the introduced theoretical model are the waveguide height and the 
dielectric functions of the underlying three layer system (Eq. (6)). The numerical results for a 
specifically designed hybrid waveguide show a broadband compensation of positive GaAs 
material GVD (Fig. 4(b)). From the application point of view, dispersion compensation based 
on the presented hybrid waveguide is straight-forward due to the manageable theoretical, 
numerical and experimental effort. Consequently, the hybrid waveguide concept can be 
considered not only as more broadband but also as more user-friendly – especially when 
compared to Gires-Tournois interferometers [23] or the design of chirped mirrors [27], which 
are both fundamentally different from the presented hybrid waveguide. Also the proposed 
hybrid waveguide could offers great potential for broadband gain GVD compensation, which 
is a key factor for THz frequency comb applications [28]. 

6. Conclusion 

In conclusion, we have demonstrated that a novel DM waveguide mode section integrated 
into a common MM waveguide features strong broadband positive and negative GVD in the 
THz regime, thus providing THz dispersion control. Experimental evidence is obtained both 
in time and frequency domain for two samples of different waveguide heights. A Wigner-
Ville study of the experimental data completes the GVD analysis and reveals the 
attractiveness of the Wigner-Ville distribution concept for chirp analysis including 
instantaneous frequency calculations. Positive and negative chirp are individually observed 
and identified with positive and negative GVD, respectively. In addition, we have 
numerically indicated that positive material GVD from GaAs can be compensated from 2.2 
THz to 3.1 THz using a composite hybrid waveguide of a typical QCL height of 13 μm. 
Remarkably, the fact that the proposed waveguide provides substantial broadband positive 
and negative GVD at both, typical QCL heights and frequencies, defines a natural suitability 
for QCL applications, such as the compensation of material and gain GVD for THz 
applications. Further interesting applications including THz fibres, THz solitons, THz pulse 
compression and THz self-phase modulation based on slow light generation stress the broad 
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potential of the proposed waveguide. Finally, the presented hybrid waveguide is user friendly, 
and could be used for both intra- and extra cavity applications. 
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